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Abstract
For static fluid interiors of compact objects in pure Lovelock gravity (involving only one Nth
order term in the equation) we establish similarity in solutions for the critical odd and even d =
2N + 1, 2N + 2 dimensions. It turns out that in critical odd d = 2N + 1 dimensions, there cannot
exist any bound distribution with a finite radius, while in critical even d = 2N + 2 dimensions, all
solutions have similar behavior. For exhibition of similarity we would compare star solutions for
N = 1, 2 in d = 4 Einstein and d = 6 in Gauss-Bonnet theory respectively. We also obtain the
pure Lovelock analogue of the Finch-Skea model.
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INTRODUCTION
The most natural and elegant generalization of Einstein gravity is Lovelock gravity which
involves in action a homogeneous polynomial of degree N in Riemann curvature. Despite
this, it yet yields a second order equation of motion. This is the unique Lovelock [1] prop-
erty which no other generalization can boast of. It includes corresponding to N = 0, 1, 2, ...
respectively the cosmological constant, Einstein and Gauss–Bonnet (GB) gravity, and so on.
It is also remarkable that higher order terms make non-zero contribution in the equation
only for dimensions d ≥ 2N+1. It is therefore an essential higher dimensional generalization
of Einstein gravity.
Gravitational solutions for vacuum as well as for fluid spheres have been studied for the
Lovelock gravity by several authors. Beginning with the Einstein-GB (EGB) black hole
solution [2], vacuum solutions have been obtained for Lovelock gravity in general [3, 4] as
well as for dimensionally continued [5–8], and also for pure Lovelock black holes [9, 10]. For
the latter, the vacuum solutions are non-trivial only for d ≥ 2N + 2. Polytropic equations
of state for isothermal fluid spheres were examined by Tooper [11–14] in standard Einstein
gravity theory. The configuration of a differentially rotating isothermal fluid sphere was
discussed by Hartle [15–17]. It was argued by Sharma [18] that the limiting case of the
polytrope may be regarded as isothermal and is important in the study of clusters of stars.
Some fluid interior stellar models have also been obtained in EGB gravity [19–22], and in
particular it is shown [19] that the Schwarzschild interior solution is universal in describing a
uniform density sphere in all dimensions > 3 irrespective of the gravitational theory, Einstein
or Lovelock.
It is well known that Einstein gravity is kinematic, implying no non-trivial vacuum so-
lution, in 3 dimensions, and it becomes dynamic in 4 dimensions. It turns out that this
property can be universalized for all odd dimensions d = 2N + 1 dimensions and it then
uniquely picks out pure Lovelock equation in higher dimensions [29, 30]. This is done by
defining Nth order Lovelock Riemann curvature which is a Nth degree homogeneous poly-
nomial in Riemann [31, 32]. Then in all critical odd dimensions d = 2N + 1, the Lovelock
Riemann is entirely given in terms of the corresponding Ricci [32] thereby implying the
non-existence of non-trivial pure Lovelock vacuum solution [32, 33]. It has been strongly
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argued by one of us [30, 33] that the pure Lovelock equation is the right equation in higher
dimensions and it is appropriate only in two odd and even dimensions d = 2N + 1, 2N + 2.
Gravity has qualitatively similar behaviour in these critical dimensions, i.e. what Einstein
gravity is in 3, 4 dimensions, so is pure GB in 5, 6 dimensions, and so on. For a given dimen-
sion, N = (d − 1)/2 is the degree of Riemann involved in action and equation of motion.
Generally speaking gravitational dynamics in the critical dimensions d = 2N + 1, 2N + 2
have a universal character in pure Lovelock gravity.
Note that each term in the Lovelock Lagrangian comes with a dimensionful coupling
which cannot all be determined because there is only one gravitational force that can fix
only one coupling constant by measuring experimentally the strength of the force. What
string or brane gravity theorists do is that all higher order couplings are expanded in inverse
powers of Newton’s constant G. This is fine when one is considering high energy corrections
to the Einstein theory. Here we are on the other hand considering a classical gravity in higher
dimensions, and not a modification to the Einstein gravity. This is why it becomes pertinent
to ask what is the correct classical equation for gravity in higher dimensions? Apart from
the universalization of kinematic property to all critical odd dimensions, there is an even
more compelling motivation that bound orbits should exist around a static object. Note
that for Einstein gravity bound orbits exist only in four dimensions. Existence of bound
orbits again uniquely pick out pure Lovelock gravity [30]. Thus pure Lovelock gravity is the
proper gravitational theory in higher dimensions.
It is therefore important to verify universality in various situations. Besides the uniform
density sphere being always described [19] by the Schwarzschild interior solution, very re-
cently it has been shown that the pure Lovelock isothermal fluid sphere is also universal [24]
in all dimensions d ≥ 2N + 2. We would like to carry it forward by studying pure Lovelock
solutions for a static fluid sphere. For a fluid sphere, the only equation to be solved is that of
pressure isotropy. Note that in classical general relativity the TOV equations [25, 26] have
played a vital role in studying exact solutions and in understanding the internal structure
of stars [27]. It turns out that it has the same character in critical odd and even dimensions
d = 2N + 1, 2N + 2. Since pure Lovelock gravity is kinematic in critical odd dimensions
d = 2N + 1 it means that there cannot exist any non-trivial vacuum solution which can be
an exterior to a fluid distribution. This implies that in the in the critical odd dimensions,
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there cannot occur any bound fluid distribution. There is only one equation to determine
two metric functions. This cannot be done unless either one of the functions is prescribed or
there is an equation of state relating density and pressure or a fall off behavior for density
is prescribed.
There are very few fully physically viable solutions, the one due to Finch and Skea [34] is
particularly interesting for its physical viability and acceptability [35]. We shall first obtain
pure Lovelock analogue of the Finch-Skea solution and in particular show that GB solution
in d = 5, 6 is similar to the Einstein solution in d = 3, 4. Very recently a general Buchdahl
[36] ansatz for a static fluid sphere has been studied for Einstein and pure Lovelock gravity
[37, 38] and it includes all the physically tenable models including Vaidya-Tikekar [39] and
Finch-Skea [34]. There, the authors observe that the pressure isotropy equation has the
same form for a given Lovelock order N in all dimensions, and hence a solution could be
lifted from a lower to a higher dimension. Here our concern is to establish similarity between
the solutions in critical odd and even dimensions for two different values of the Lovelock
order N .
The paper is organised as follows. In the next section we set up the pure Lovelock
equation of motion which in the following section is specialized to a spherically symmetric
spacetime for the study of fluid sphere solutions. The specific case d = 2N+1 is immediately
analysed and it is shown that bounded distributions cannot exist with this prescription. The
Schwarzschild and Finch-Skea metrics are presented as examples. Thereafter the assumption
of constant density is shown to be a necessary and sufficient condition for the metric to be
Schwarzschild for all spacetime dimensions d and Lovelock polynomial order N . In the
following section the metric ansatz of Finch Skea is analysed for the N = 2 pure Gauss-
Bonnet case and the exact models for d = 5, 6 are obtained explicitly. We then demonstrate
similarity between d = 3, 4 Einstein with d = 5, 6 pure GB solutions. We conclude with a
discussion of our results.
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PURE LOVELOCK GRAVITY
The Lovelock polynomial action [1] is given by the Lagrangian
L =
N∑
N=0
αNR(N) (1)
where
R(N) = 1
2N
δµ1ν1...µNνNα1β1...αNβNΠ
N
r=1R
αrβr
µrνr (2)
and Rαβµν is the Nth order Lovelock analogue of the Riemann tensor as defined in Ref. [31].
Also δµ1ν1...µNνNα1β1...αNβN =
1
N !
δµ1[α1 δ
ν1
β1
...δµNαN δ
νN
βN ]
is the required Kronecker delta.
On variation of the action including the matter Lagrangian with respect to the metric,
we get the equation of motion [31]
N∑
N=0
αNG(N)AB =
N∑
N=0
αN
(
N
(
R(N)AB −
1
2
R(N)gAB
))
= TAB (3)
where R(N)AB = gCDR(N)ACBD,R(N) = gABR(N)AB , and TAB is the energy momentum tensor.
Note that the trace of the Bianchi derivative of Nth order Riemann tensor, Rαβµν , yields the
corresponding Einstein tensor, G(N)AB . This is the gravitational equation in Lovelock gravity
which corresponds to the cosmological constant for N = 0, to Einstein’s equation for N = 1
and to the Gauss-Bonnet equation for N = 2, and so on.
In particular the Einstein-Gauss-Bonnet equation is given by
GAB + αH
A
B = T
A
B (4)
where G(2)AB = HAB and
HAB = 2
(
RRAB − 2RACRCB − 2RCDRACBD +RCDEA RBCDE
)− 1
2
gABR(2). (5)
Henceforth we would specialize to the pure Lovelock equation involving a single, G(N)AB , on
the left corresponding to the Nth term without sum over the lower orders. The equation is
then given by
G(N)AB =
(
N
(
R(N)AB −
1
2
R(N)gAB
))
= TAB. (6)
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PURE LOVELOCK STAR SOLUTIONS
The general static d−dimensional spherically symmetric metric is taken to be
ds2 = −eνdt2 + eλdr2 + r2dΩ2d−2 (7)
where dΩ2n−2 is the metric on a unit (d − 2)-sphere and where ν = ν(r) and λ = λ(r) are
the metric potentials. The energy–momentum tensor for the comoving fluid velocity vector
ua = e−ν/2δa0 has the form T
a
b = diag (−ρ, pr, pθ, pφ, ...) for a neutral perfect fluid. Note that
in view of spherical symmetry we have for all the (d− 2) angular coordinates pθ = pφ = .....
The conservation laws T ab;b = 0 result in the single equation
1
2
(pr + ρ) ν
′ + p′r +
(d− 2)
r
(pr − pθ) = 0 (8)
where primes denote differentiation with respect to r. The expressions for density, radial
and transverse pressure obtained from the pure Lovelock equation are given by
ρ =
(d− 2)e−λ (1− e−λ)N−1 (rNλ′ + (d− 2N − 1)(eλ − 1))
2r2N
(9)
pr =
(d− 2)e−λ (1− e−λ)N−1 (rNν ′ − (d− 2N − 1)(eλ − 1))
2r2N
(10)
pθ =
1
4
r−2N
(
eλ
)−N (
eλ − 1)N−2 [−Nrλ′ {2(d− 2N − 1) (eλ − 1)
+rν ′
(
eλ − 2N + 1)}+ (eλ − 1) {−2(d− 2N − 1)(d− 2N − 2) (eλ − 1)
+2N(d− 2N − 1)rν ′ +Nr2ν ′2 + 2Nr2ν ′′}] (11)
where the Lovelock coupling parameter has been set to unity.
The equation of pressure isotropy pr = pθ reads as
rλ′
{
2(d− 2N − 1) (eλ − 1)+ rν ′ (eλ − 2N + 1)}
− (eλ − 1) {4(d− 2N − 1) (eλ − 1)+ r (ν ′ (−4N + rν ′ + 2) + 2rν ′′)} = 0 (12)
Invoking change of coordinates as x = Cr2, e−λ = Z(x) and eν = y2(x) we write Eqns
(9) to (11) as
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ρ =
CN(d− 2)(1− Z)N−1
[
(d− 2N − 1)(1− Z)− 2NxZ˙
]
2xN
(13)
pr =
CN(d− 2)(1− Z)N−1 [4NxZy˙ − (d− 2N − 1)(1− Z)y]
2xNy
(14)
pθ =
CN(1− Z)N−2
2xNy
[
8Nx2Z(1− Z)y¨
+ 4Nx
(
x(1 + (1− 2N)Z)Z˙ + (d− 2N)Z(1− Z)
)
y˙
+ (d− 2N − 1)(1− Z)
(
2NxZ˙ − (d− 2N − 2)(1− Z)
)
y
]
(15)
while the pressure isotropy assumes the form
4x2Z(1− Z)y¨ +
[
4(1−N)xZ(1− Z) + 2x2 (1− (2N − 1)Z) Z˙
]
y˙
+(d− 2N − 1)(1− Z)
(
Z˙x− Z + 1
)
y = 0 (16)
Setting N = 1 yields the standard d− dimensional equation for Einstein gravity
4x2Zy¨ + 2x2Z˙y˙ + (d− 3)
(
Z˙x− Z + 1
)
y = 0 (17)
as discussed in [23]. For the pure Gauss–Bonnet, N = 2 case Eqn (16) reads as
4x2Z(1− Z)y¨ +
[
−4xZ(1− Z) + 2x2((1− 3Z) Z˙
]
y˙
+(d− 5)(1− Z)
(
Z˙x− Z + 1
)
y = 0 (18)
This is the only equation to be solved and it involves two unknown functions ν and λ.
It cannot be solved without an additional prescription, either on the metric potential or a
relation between density and pressure – an equation of state, or fall off behavior for density.
For constant density, there is the unique Schwarzschild interior solution [19] in all dimensions
d ≥ 4 in Einstein as well as in Lovelock theory. However for Lovelock gravity, the solution
exists for dimensions d ≥ 2N + 2 while there cannot exist any bound distribution in critical
odd dimensions d = 2N + 1. For an isothermal distribution characterized by ρ ∼ 1/rd−2, it
has recently been shown [24] that there is a universal solution like the Schwarzschild interior
solution for uniform density for pure Lovelock gravity in all dimensions d ≥ 2N + 2.
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The case d = 2N + 1
In the critical odd d = 2N+1, gravity is kinematic for pure Lovelock gravity [31, 32], which
means vacuum is Lovelock flat. Hence it cannot be an exterior to any matter distribution.
This fact reflects the absence of a finite non-zero radius where p = 0, defining the boundary
for fluid distribution. In the odd critical dimensions d = 2N+1, the fluid distribution has to
be unbounded – cosmological. We shall demonstrate this feature in the following examples.
Setting d = 2N + 1, the equations of motion reduce to
ρ = −CN(2N − 1)N(1− Z)N−1x1−N Z˙ (19)
pr =
2CN(2N − 1)N(1− Z)N−1x1−NZy˙
y
(20)
0 = 2xZ(1− Z)y¨ +
[
2(1−N)Z(1− Z) + x (1− (2N − 1)Z) Z˙
]
y˙ (21)
A first integral of equation (21) may be obtained in the form
y˙ =
K1x
N−1(1− Z)1−N
Z
1
2
(22)
Observe that for the pressure to vanish at any non-zero finite radius in order to admit a
bounded distribution, this amounts to Z = 1, Z = 0 or y˙ = 0 from equation (27). The
first option Z = 1 leads to zero density from Eqn (19) and we are back to vacuum. Putting
Z = e−λ = 0 is obviously inadmissable. Finally y˙ = 0 does cause Eqn (21) to be identically
satisfied, however the constant ν is not compatible with matching to the exterior vacuum
solution. Additionally y˙ = 0 forces Z = 1 in view of (28). Therefore we must conclude that
in general no bounded compact sphere can exist for all N in the critical odd dimensions
d = 2N + 1.
Let us in particular consider the two examples of incompressible fluid sphere and Finch-
Skea model [34] in the critical odd dimension.
• Incompressible fluid sphere
Consider the special case of an incompressible fluid sphere ρ = constant = ρ0. Equation
(19) integrates as
Z = 1− (axN + c1) 1N (23)
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where c1 is an integration constant and we have redefined a =
ρ0
cNN(2N−1) . Plugging
this in Eqn (21) yields
y = eν/2 = C2 − 2C1
a
√
Z = C2 − 2C1
a
e−λ/2 (24)
where C1 and C2 are integration constants. The pressure has the form
p =
2C1ρ0e
−λ/2
C2 − 2C1
√
1− (axN + c1)1/N
. (25)
Clearly p = 0 requires e−λ = 0 which is unacceptable, and hence there exists no
boundary to the distribution.
• Finch–Skea model
For the Finch–Skea ansatz [34] we set Z = 1
1+x
, then Eqn (21) integrates to give
y =
2c1(x+ 1)
N+ 1
2
2N + 1
+ c2 (26)
and we have the density and pressure given by
ρ =
N(2N − 1)CN
(x+ 1)N+1
(27)
p =
2c1N (4N
2 − 1)CN
√
x+ 1
(
2c1(x+ 1)
N+ 1
2 + 2c2(2N + 1)
) (28)
Here again the pressure cannot vanish without collapsing to vacuum and hence there
cannot exist any boundary to the distribution. This is the general property in all
odd critical dimensions d = 2N + 1. It has always to be an unbounded cosmological
distribution.
UNIFORM DENSITY SCHWARZSCHILD SOLUTION
It has been shown that a uniform density sphere is always described by the Schwarzschild
interior solution [19] for Einstein as well as for Lovelock theory in any dimension d ≥ 4.
However for pure Lovelock gravity as argued above, it is Schwarzschild for dimensions
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d ≥ 2N + 2 dimensions but not for the critical odd dimensions d = 2N + 1. We shall obtain
the general solution for constant density for an arbitrary N .
Observe that Eqn (9) can be rearranged into the form
ρ =
(d− 2)
[
rd−2N−1
(
1− e−λ)N]′
2rd−2
(29)
which for a constant density integrates to give
e−λ = 1−
(
2ρ0
(d− 2)(d− 1)r
2N +K2r
2N+1−d
)1/N
(30)
where K2 is an integration constant. Since d ≥ 2N + 2, K2 = 0 for avoiding the singularity
at the center. Thus we have
e−λ = 1− 2ρ0
(d− 2)(d− 1)r
2 (31)
which is clearly of the Schwarzschild form. Then the isotropy equation integrates to give
the general solution
eν/2 = c2 + c1e
−λ/2 (32)
where c1 and c2 are constants of integration. This is the Schwarzschild solution and it is
universal for all dimensions d ≥ 2N + 2.
Alternatively if we assume Z = 1 + x, the isotropy equation (12) becomes
2(1 + x)y¨ + y˙ = 0
and integration gives
y(x) = c1
√
1 + x+ c2 (33)
equivalent to Eqn (32). This shows that the ansatz Z = 1 + x is equivalent to the density
being constant as it gives the Schwarzschild solution independent of spacetime dimension or
order of the Lovelock polynomial [19].
For this model the density and pressure are given by
ρ =
CN(d− 1)(d− 2)
2
, (34)
p =
CN(d− 2) [c1(1− d)√1 + x− c2(d− 2N − 1)]
2
(
c1
√
1 + x+ c2
) . (35)
(36)
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Clearly pressure vanishes at some finite r defining boundary of the distribution, and it
could then be matched to pure Lovelock analogue [9] of the Schwarzschild exterior solution
determining the constants c1 and c2. Since the density is constant the sound speed would
be infinite which despite being unphysical it defines the Buchdahl compactness limit [28].
FINCH-SKEA POTENTIAL Z =
1
1 + x
It is interesting to investigate other choices of potentials that yield completely solvable
models. In particular the Finch–Skea model [34] is a physically viable star interior model as
argued in [35]. Here one of the metric potentials is prescribed as Z = 1
1+x
, then from Eqn
(16) we obtain
4(1 + x)y¨ − 2(2N − 1)y˙ + (d− 2N − 1)y = 0. (37)
Let V = 1 + x, so that Eqn (37) becomes
4V
d2y
dV 2
− 2(2N − 1) dy
dV
+ (d− 2N − 1)y = 0. (38)
Assuming y(V ) = u(V )V m, we transform equation (38) to
4V 2
d2u
dV 2
+ [8m− 2(2N − 1)]V du
dV
+
[
4m2 − 2m(1 + 4N) + (d− 2N − 1)V ]u = 0. (39)
We now let z = V β, which takes Eqn (39) to
4β2Z2
d2u
dz2
+ [4β(β − 1)β(8m− 2(2N − 1))] zdu
dz
+
[
4m2 − 2m(1 + 4N) + (d− 2N − 1)z 1β
]
u = 0. (40)
Setting m = 1 and β = 1
2
, it reduces to
z2
d2u
dz2
+ 2(2−N)zdu
dz
+
[
(d− 2N − 1)z2 + 2(1− 4N)]u = 0 (41)
This can further be transformed to a differential equation of the Bessel type and consequently
it yields the general solution for Eqn (37) given by
y = (1+x)(2N+1)/4
(
c1J−N− 1
2
(√
(d− 2N − 1)(1 + x)
)
+ c2Y−N− 1
2
(√
(d− 2N − 1)(1 + x)
))
(42)
where J and Y are Bessel functions of the first and second kind respectively. Since the Bessel
functions are of half-integer order they can be written in terms of elementary functions
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through the formulae
J−N− 1
2
(w) =
√
2
pi
wN+
1
2
(
1
w
d
dw
)N
cosw
w
Y−N− 1
2
(w) =
√
2
pi
wN+
1
2
(
1
w
d
dw
)N
sinw
w
for all orders of degree N of the Lovelock polynomial. Thus we have completely solved the
isotropy equation for general N and d for the Finch–Skea ansatz Z = 1
1+x
and the solutions
may be resolved in terms of elementary functions.
Einstein case N = 1
Setting N = 1 in Eqn (42) generates the same solution as reported in [22] for the higher
dimensional Finch–Skea solution. It is given by the metric,
ds2 = (d− 3)−3 [(C1 − C2v) sin v − (C2 + C1v) cos v]4 dt2
−
[(
1 + Cr2
)2]−1
dr2 − r2dΩ2d−2, (43)
where v =
√
(d− 3)(1 + Cr2) and C1 and C2 are constants.
Note that the case d = 3 is excluded from this class of solutions. It corresponds to
d = 2N + 1 when N = 1 and it is a case that has been treated separately and note that the
coefficient of y vanishes in Eqn (16). Three dimensional solutions can be found, however
they do not emerge from this treatment. We must set d = 3 in Eqn (32) to generate the
appropriate solution but this is not of interest to our present work.
The dynamical quantities energy density and pressure are respectively given by
ρ =
C(d− 2)(d− 3)2 [v2 + 2]
2v4
, (44)
and
p =
C(d− 2)(d− 3)2
2v2
[
(ζ + v) tan v + ζv − 1
(ζ − v) tan v − ζv − 1
]
, (45)
where ζ = C1
C2
.
Pure Gauss–Bonnet case N = 2
As discussed earlier the isotropy equation (16) in the critical odd dimensions d = 2N + 1
takes an ostensibly first order form because the coefficient of y vanishes. For pure GB, we
shall consider the critical odd and even dimensions d = 5, 6.
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• N = 2, d = 5
In this case we have for equation (16),
2xZ(1− Z)y¨ +
(
2Z(Z − 1) + (1− 3Z)xZ˙
)
y˙ = 0. (46)
for d = 5 and N = 2. It is a second order differential equation in y, however it could
as well be written as a first order ordinary equation in Z, and thereby we have
y = C1
∫
xe
∫ (3Z−1)Z˙
2Z(1−Z)dxdx+ C2 (47)
where C1 and C2 are constants of integration. The functional forms for Z(x) may be
selected a priori so as to allow for the complete integration of the equation. Note that
Z = const. 6= 1 gives y = C1x2 +C2. However it is not tenable as the density vanishes
in Eqn (13) [24]. The Finch–Skea ansatz Z = 1
1+x
results in the solution
eν = c1(1 + Cr
2)
5
2 + c2 (48)
where we have reverted to the original coordinates via x = Cr2 for greater trans-
parency. The energy density is now given by
ρ =
12C3
(1 + Cr2)3
(49)
while the pressure has the form
p =
60C3
(1 + Cr2)
1
2
(
(1 + Cr2)
5
2 + κ
) (50)
where we have put κ = C2
C1
. Observe that it is impossible for the pressure to vanish for
any finite radius, therefore the solution cannot describe a finite object but, instead, a
cosmological fluid. The quantity
dp
dρ
=
5 (Cr2 + 1)
5
2
(
6 (Cr2 + 1)
5
2 + κ
)
6
(
(Cr2 + 1)
5
2 + κ
)2 (51)
represents the sound-speed in general relativity and we consider its value in the present
context as well. Interestingly by solving for r in Eqn (49) and substituting in Eqn (50)
we obtain a barotropic equation of state p = p(ρ) which has the form
p =
60C3ρ
11
6
12C3
(
(12C3)
5
6 + κρ
5
6
) (52)
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This is usually a desirable feature in perfect fluid configurations but it is not often
obtained for exact solutions of the standard Einstein field equations.
We now compare the 5-dimensional solution given above to its 3-dimensional counter-
part in Einstein gravity. The Einstein’s field equations read as
ρ = CZ˙ (53)
pr =
−2CZy˙
y
(54)
pθ =
−4CxZy¨ − 2CZy˙ − 2CxZ˙y˙
y
(55)
in our scheme. The equation of pressure isotropy assumes the simple form 2Zy¨+Z˙y˙ = 0
which integrates as
y(x) = c1
∫
Z−
1
2dx+ c2. (56)
As was the case for 5-dimensional GB, here too the case Z = const. is not tenable.
The Finch–Skea ansatz Z = 1
1+x
results in the solution
y = c1(1 + Cr
2)
3
2 + c2 (57)
with the density and pressure given by
ρ =
C
(1 + Cr2)2
p =
3C
(1 + Cr2)
1
2
(
(1 + Cr2)
3
2 + κ
) (58)
respectively (See Ref. [40] for an independent derivation).
From Eqns (48), (49) and (57) the similarity between the two solutions corresponding
to critical odd dimensions d = 2N + 1 for N = 1, 2 is evident, and there exists no zero
pressure surface. A comparison of the density and pressure functions for d = 3 and 5
is shown in table 1.
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TABLE I. Energy density and pressure for d = 2N + 1 ( N = 1, 2)
d = 3 Einstein d = 5 GB
ρ C
(1+Cr2)2
12C
(1+Cr2)3
p 60C
(1+Cr2)
1
2
(
(1+Cr2)
3
2+κ
) 3C
(1+Cr2)
1
2
(
(1+Cr2)
5
2+κ
)
• N = 2, d = 6
The equation of pressure isotropy (16) assumes the form
4x2Z(1− Z)y¨ + 2x
(
xZ˙(1− 3Z)− 2Z(1− Z)
)
y˙
+(1− Z)(xZ˙ − Z + 1)y = 0. (59)
With the transformation Z = 1
1+x
, Eqn (59) reduces to
4(1 + x)y¨ − 6y˙ + y = 0 (60)
Redefining 1 + x = X, it becomes
4X
d2y
dX2
− 6 dy
dX
+ y = 0 (61)
and making the substitution y(X) = u(X)Xm for a new function u and constant m,
it further transforms to
4X2u¨+ (8m− 6)Xu˙+ (4m2 − 10m+X)u = 0 (62)
where dots are now derivatives with respect to X. Invoking a transformation v = Xγ,
we have
4γ2X2γ
d2u
dv2
+ (4γ(γ − 1) + (8m− 6)γ)Xγ du
dv
+ (4m2 − 10m+X)u = 0. (63)
The choice m = 1 and γ = 1
2
results in the form
v2
d2u
dv2
+ (v2 − 6)u = 0 (64)
which is solved by the spherical Bessel functions Jn and Yn when n = 2. Interestingly
for n = 2 we are able to find solutions in terms of simple elementary functions given
by
u(v) = a
(
3 sin v − v2 sin v − 3v cos v
v2
)
+ b
(
v2 cos v − 3 cos v − 3v sin v
v2
)
(65)
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where a =
√
2
pi
c1 and b =
√
2
pi
c2 are arbitrary constants and it must be recalled
that v = X
1
2 =
√
1 + x =
√
1 + Cr2 in the original canonical variables. Now the
gravitational potentials and dynamical quantities have the form
eλ = v =
√
1 + Cr2 (66)
eν =
(
a(3− v2)− 3bv) sin v + (b(v2 − 3)− 3av) cos v (67)
ρ =
12(v2 + 4)
v6
(68)
p =
2 [(ζv − v2 − 1) tan v + ζ(v2 + 1) + v]
v6 [(v2 − 3 + 3ζv) tan v − ζ (v2 − 3) + 3v]
(69)
where we have defined ζ = a
b
and put C = 1.
Following the standard approach in general relativity we examine the quantity
dp
dρ
= − v
2 [2(v4 − 3)− ζv(v2 − 18 + 12ζv)] tan2 v
2(v2 + 6) [(v2 − 3 + 3ζv) tan v − ζ (v2 − 3) + 3v]2
+
v2 [2v(v3 − 3) + ζ(4v3 + 15v2 + 12v + 6)] tan v
2(v2 + 6) [(v2 − 3 + 3ζv) tan v − ζ (v2 − 3) + 3v]2
− ζ
2v2 [2v4 + 6v3 − 3v2 − 9v − 6] tan v
2(v2 + 6) [(v2 − 3 + 3ζv) tan v − ζ (v2 − 3) + 3v]2
+
v2 [3v(v2 − 1)− ζ (v4 − 7v2 + 3 + ζv(v2 − 3))] sec2 v
2(v2 + 6) [(v2 − 3 + 3ζv) tan v − ζ (v2 − 3) + 3v]2
+
v2 [18v2 − ζ (3v(v2 − 5)− 2ζ(5v2 + 3))]
2(v2 + 6) [(v2 − 3 + 3ζv) tan v − ζ (v2 − 3) + 3v]2 (70)
which is constrained to be less than unity for a subluminal speed of sound in general
relativity. We contrast the relativistic value of this index with its analogue in pure
Lovelock theory.
The behaviour of the dynamical quantities at the stellar centre (r = 0, that is v = 1)
will assist in establishing bounds on β. The positivity of energy density and pressure
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FIG. 1. Plot of energy density versus radius for ζ = 1 in 4 and 6D GB
requires
ρ0 = 60C > 0 (71)
p0 =
−11ζ + (−2ζ − 11) tan(1) + 2
3ζ + (3− 2ζ) tan(1) + 2 > 0 (72)
which immediately forces C > 0 and so we set C = 1 henceforth. Requiring the
distribution to have positive energy density and pressure at the centre as well as the
satisfying of causality leads to the condition ζ = c1
c2
< 0.017208 or ζ > 0.594482. For
the purpose of generating plots of the dynamical quantities we select the value ζ = 1.
From the plots in Figs 1 – 3, it can be seen that there exists a pressure zero surface at
approximately v = 1.2 in d = 6 and v = 1.4 in d = 4 which identifies the boundary of
the distribution. Within this radius, it is clear that pressure and energy density are
positive definite. Fig. 3 demonstrates that the fluid is causal. Note that the dynamical
quantities are dependent on periodic functions. It is therefore necessary to identify
the first zero of the numerator of the pressure function in order to fix the boundary of
the distribution.
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FIG. 2. Plot of pressure versus radius for ζ = 1 in 4 and 6D GB
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FIG. 3. Plot of sound–speed index versus radius for ζ = 1 in 4 and 6D GB
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In the four dimensional Einstein scenario the Finch and Skea solution [34] is given by
eλ = v (73)
eν = (c1 + c2v) sin v + ( c2 − c1v ) cos v (74)
ρ =
C(v2 + 2)
v4
(75)
p =
C ((ζv + 1) + (ζ − v) tan v)
v2 ((1− ζv) + (ζ + v) tan v) (76)
From Eqn (75) it is clear that C > 0 for a positive energy density. Positivity of the
central pressure (p0 > 0) then yields ζ < −4.58804 or ζ > 0.217958 as found by Finch
and Skea. The causality criterion 0 <
(
dp
dρ
)
0
< 1, imported from general relativity,
results in the restriction −2.6141 < ζ < −1.68214 or −0.642093 < ζ < 6.40698.
Harmonising all these conditions requires that 0.217958 < ζ < 6.40698. We select the
value ζ = 1 in order to plot the dynamical quantities.
The critical even d = 2N + 2-dimensional solutions for N = 2 GB and N = 1 Einstein
are given by Eqns (66) – (69) and (73) – (76) exhibiting the similarity between the two
(See Table II). The plots of the 6-dimensional pure Lovelock and 4-dimensional Ein-
stein Finch–Skea models demonstrate a remarkable similarity in profile. The density
and pressure are monotonically decreasing and the boundary is defined by the pressure
vanishing at a finite radius. Since density and pressure are positive everywhere inside
the distribution, all the energy conditions are satisfied.
For completeness, the matching with an appropriate exterior spacetime must be
achieved. In considering the junction conditions we extrapolate the familiar condi-
tions common in Einstein gravity. However it should be noted that these conditions
should be supplemented by more severe boundary conditions in the Lovelock theory
as discussed by Davis [41] regarding the Gauss–Bonnet case. The vanishing of the
pressure at the boundary yields the relationship
c1
c2
=
(2 + CR2) tan
√
1 + CR2 −√1 + CR2
(2 + CR2) +
√
1 + CR2 tan
√
1 + CR2
(77)
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TABLE II. Energy density and pressure for d = 2N + 2 ( N = 1, 2) and v =
√
1 + Cr2
d = 4 Einstein d = 6 GB
ρ C(v
2+2)
v4
12C(v2+4)
v6
p C((ζ−v) tan v+(ζv+1))
v2((ζ+v) tan v+(1−ζv))
2C[(ζv−v2−1) tan v+ζ(v2+1)+v]
v6[(v2−3+3ζv) tan v−ζ(v2−3)+3v]
between the constants of integration.
Continuity of the gravitational potentials across the boundary r = R also results in
the conditions
e−2λ(R) =
1
1 + CR2
= 1− M√
R
(78)
e2ν(R) = 1− M√
R
= c1
(
3 sin
√
1 + CR2 − (1 + CR2) sin√1 + CR2 − 3√1 + CR2 cos√1 + CR2√
1 + CR2
)
+c2
(
(1 + CR2) cos
√
1 + CR2 − 3 cos√1 + CR2 − 3√1 + CR2 sin√1 + CR2√
1 + CR2
)
(79)
Eqn (78) immediately gives C = M/R
5/2
1−M/√R . Eqns (77) and (79) give
c1 =
(
1− M√
R
)
V F
cosV (GF +HJ)
and c2 =
(
1− M√
R
)
HV
cosV (GF +HJ)
(80)
where we have put V =
√
1 + CR2, F = (1 +V 2) tanV −V , G = (3−V 2) tanV −3V ,
H = (1 + V 2) + V tanV and J = (V 2 − 3)− 3V tanV . All the integration constants
are now settled explicitly in terms of the mass M and radius R of the perfect fluid
distribution. Table 2 illustrates the functional forms for the density and pressure for
d = 4 and 6.
DISCUSSION
The two canonical fluid distributions, uniform density and isothermal, respectively, ap-
proximating to a star interior and a galaxy and a cluster distribution have universality in
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the gravitational solution. The uniform density sphere is uniquely described [19] by the
Schwarzschild interior solution in Einstein and Lovelock theory in general in dimensions
d ≥ 4. So is the case for an isothermal distribution [20] for pure Lovelock gravity in di-
mensions d ≥ 2N + 2. A physically acceptable fluid interior lies between these two limiting
distributions.
Very recently it has been established [38] that a constant density defines the limiting
case of compactness while the other end of the rarest distribution is identified with the
Finch-Skea solution. It is interesting that all other bounded distributions are bounded by
these two limiting distributions. We have employed these two limiting cases for showing
similarity between star solutions in the critical odd and even dimensions d = 2N + 1, 2N + 2
for pure Lovelock gravity. In future work, it will be interesting to analyse the behaviour of
other well known ansatze in the Lovelock framework. For example, the Tolman solutions
will be studied in the Lovelock theory. Now that we have established the pure Lovelock
field equations explicitly, it will be possible to study more general Lovelock polynomials in
order to examine the corrections of such terms to the standard Einstein theory. It is also a
simple matter to supplement the gravitational field equations in pure Lovelock gravity with
the Maxwell’s equations to discuss the role of charge in stellar distributions.
It has been argued quite strongly [29, 30] that gravity has universal behavior in critical
odd and even dimensions d = 2N + 1, 2N + 2 in pure Lovelock theory. That means gravi-
tational dynamics in these two critical dimensions should be similar. This then raises the
question whether static fluid interiors, like constant density and isothermal distributions,
could also have similar behavior in the critical odd and even dimensions. This is the question
we had set out to examine in this paper.
The master equation to be solved for the fluid distribution is the pressure isotropy equa-
tion and it is shown that it has the same character in critical odd and even dimensions
d = 2N + 1, 2N = 2. It turns out that in d = 2N + 1, there cannot exist any bound
distribution meaning that the pressure cannot vanish at any finite radius. This is because
pure Lovelock gravity is kinematic in critical odd dimensions d = 2N + 1 [29, 31, 32], which
means vacuum is Lovelock flat and hence cannot be an exterior to any distribution. This
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implies that there cannot exist any bound distribution in critical odd dimensions d = 2N+1,
it has necessarily to be unbounded cosmological. The pressure isotropy equation reflects
this feature. For the critical even dimensions d = 2N + 2 it yields solutions that are similar
in their behavior. For this purpose we first obtain a pure GB analogue of the Finch-Skea
solution. The similarity between solutions in d = 3, 5 for odd and d = 4, 6 for even critical
dimensions has been exhibited in Tables I and II. Figs 1-3 also bear testimony to it.
We thus established that for static fluid distributions, pure Lovelock gravitational dy-
namics is indeed similar in the critical odd and even dimensions d = 2N = 1, 2N + 2.
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